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Skew-symmetric tensor-spinor formulation of the
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MS received 1 November 1972

Abstract. The formulation of a field theory for a spin 3 particle is sought in terms of a
skew-symmetric tensor-spinor. If the wavefunction transforms irreducibly under the rota-
tion group, the lagrangian density is not hermitian, but if it transforms as the direct sum of
two spin 3 components, this defect is removed. Furthermore, when minimal coupling to
the electromagnetic field is introduced. in the latter case, propagation remains causal, so
that some improvement over the usual vector—spinor theory is achieved.

1. Introduction

The anomalies which appear in the field theory of higher spin particles in the presence
of an interaction have been discussed by many authors (Johnson and Sudarshan 1961,
Velo and Zwanziger 1969a, b, Schroer et al 1970, Minkowski and Seiler 1971, Shamaly
and Capri 1972). Although these defects may be due to an inadequate formulation of
the interaction Lagrangian, it is felt that the electromagnetic interaction is well enough
understood to enable one to construct a suitable interaction term. But, in the case of
the Rarita-Schwinger field for a spin 2 particle minimally coupled to the electromagnetic
field, it was shown by Johnson and Sudarshan(1961)that theequal time anticommutation
relations between fields are not positive definite, and by Velo and Zwanziger (1969a)
that the velocity of propagation of wavefronts is greater than the speed of light. Shamaly
and Capri (1972) show that the problem is not resolved by the addition of (non-minimal)
magnetic moment terms to the interaction Lagrangian.

In this article we derive alternative spin 3 field equations in which the wavefunction
is chosen to be an antisymmetric tensor-spinor. This particular choice of wavefunction
is suggested by the fact that tensor-spinor equations may be obtained via the spin 3
Bargmann-Wigner equations (Lurié 1968). To derive the Euler-Lagrange equations
we use the method recently introduced by Aurilia and Umezawa (1967, 1969) which
enables us to obtain, from a single wave equation, both the equation of motion and the
necessary subsidiary conditions, including the antisymmetric property of the wave-
function.

In § 2 the spin projection operators which resolve the identity in the space of second
rank tensor-spinor wavefunctions are constructed. The antisymmetric part is examined
in § 3, and three formulations of spin $ are worked out using the projectors. In two of
these formulations the wavefunctions transform irreducibly under the action of the
Poincaré group, corresponding to a unique mass and spin, but the corresponding
lagrangian densities are not hermitian. The third transforms reducibly as the direct
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sum of the two irreducible spin 3 components having the same mass. In this case the
lagrangian density is hermitian, and the subsidiary conditions serve to eliminate the
two spin { parts of the wavefunction.

Because of the defects in these theories (non-hermiticity or reducibility) they do not
present a viable alternative to the Rarita—~Schwinger theory for a free spin 3 particle.
However, the significance of our analysis appears in § 4 where we show for the case of
the hermitian lagrangian density that no additional difficuities arise when minimal
coupling to the electromagnetic field is introduced. It is demonstrated that the light
cone is the only characteristic surface so that the requirements of causality are satisfied,
that is, the speed of propagation is bounded by the speed of light. The calculation of
the characteristic surface is carried out in a shock wave formalism (Stellmacher 1938,
Madore and Tait 1973).

2. Projection operators

In this section we calculate the projection operators that project out of an arbitrary
tensor-spinor Y4* parts which transform irreducibly under spatial rotations. Under
spatial rotations an arbitrary tensor-spinor transforms according to the reducible
representation

DZ)@4DR3)D5D(3).

For each of these 10 irreducible representations D(s), there is a projection operator
P(s),s = 3,3, 1, which projectsanarbitrary tensor-spinor into the space of the irreducible
representation D(s). To simplify the calculation of the projection operators we may
resolve ¥%* into a symmetric part and an antisymmetric part. The former transforms
according to the representation

D3@2DR®3D(3)
and the latter according to the representation
2D(3)®2D(3).

If we designate by S(s) and A,(s) the projection operators associated with the symmetric
and antisymmetric subspaces respectively, we have

2 3
Sty = S@i+ ¥ S@+ TS0k

2 2
A= A+ Y A
i=1 i=1
where
Su = 3(ghg) +ghgy)
AR = 3(ghg) —ghgl).

Following Aurilia and Umezawa, we construct the projection operators S,(s) and
A,(s) by considering all possible products of the form

[D{s)]P(s) Q.1)

where the D{s"), s = 0, 1,2, are the spin projection operators in the tensor subspace
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which have been calculated elsewhere (Macfarlane and Tait 1972), and I is the identity
operator in the spinor subspace. P(s), s = 3, 3, §, projects the spin s part out of y4” and
is given by

"o 2

Pls) = sll s(s —r;)pi (—S s-’:sl’)-il-) 1)p? @2)
where

p® = p,p*
and

W= —ww

= 3078,58" - 5,,5%p"ps (2.3)

where w, is the Pauli-Lubanski pseudovector:

Wy = 36400,5" P
5* denotes the spin operator, that is,

(S*ys, = (SPg, +(SP)peh + 3858, 2% 24
where

(87), = i(gig™ — g™gh) (2.5)
and

T = — iy Py (2.6)

(to simplify the notation we suppress the spinor index).
We are now in a position to calculate the projection operators. From (2.2) we find

W2 —3p*W+1ept

3) = 2.7
W2 —12p?W 4+ 158p*
PB) = 2 f 5 fe? (2.8)
WZ _QPZ W+mp4
1) _ 2 16
P) T 29)

Explicit expressions for P(s) and hence for A,(s) using (2.1) are given in the Appendix.

S(3) = P(3) is the only symmetric projector which is exhibited since it may prove useful

for the evaluation of the N%,, contribution to N scattering. The Feynman propagator is

{7 . p+mMPG)} 2c e
P2 —m? :

3. Three tensor~spinor formulations of spin 3

3.1. Irreducible cases
By substituting the following expansion for a completely symmetric third rank spinor
ll/aBy = (?uc)uﬁl/l‘y‘+%(zuvc)aﬁw¢v (3'1)
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into the Bargmann—-Wigner equations, where C is the charge conjugation matrix, ¥4
is a vector-spinor and %" a skew-symmetric tensor-spinor, we can by expressing y*
in terms of y*, derive the following equations for y**:

(¢.p—mpy* =0
7t =0 (3.2)
e*,,p W =0
A different expansion of the spinor
Vagy = GuClap¥’ +20° L Clapt)” (3.3)
is valid since y°Z,,,C is also symmetric, and because of the relation
ADINE I e
we have that y is the dual of . In this case the relevant equations are
(.p—mpy* =0
Pt =0 (34)

P = 0.

It is easily checked that (3.2) and (3.4) considered in the rest frame lead to the correct
number of degrees of freedom for a spin 3 particle.

Using the method of Aurilia and Umezawa (1967, 1969) we proceed to find a single
lagrangian equation which will imply (3.4) (or (3.2)). The kernel A(p) of the lagrangian

& = 1" Nftap
is given by

Ap) = ~(y. p—m)A, (D —mla,S + a4, +a34,(3) +a,4,(3) (3.5)
and the Klein—Gordan divisor by
2

p*—m?

d(p) = (7. p+mA,3)+ (ay'S+a; 4,3 +a3 ' A3 +a;  A,3) (3.6)

where a;,i = 1,2, 3,4, are non-vanishing constants. By choosing a, = a; = a, = —1,
we cancel all the singular terms (ie inverse powers of p?) in (3.5) except those of the form

V ‘ p Y ? * p v
—pz—p“m v,  and —pz-p“p,g,,-

These terms may be removed by multiplying the kernel on the left by a non-singular
matrix n which is made up of products of the form
I+ A(S)MAS). (3.7

The matrix M may contain any possible combination of y*, g**,¢*”, , p,,, and 7 is deter-
mined such that the singular terms generated by n cancel those contained in A. We find
that all terms of the form

A(IMALS)

vanish if s # s'. In addition, all non-vanishing terms of the form A(s)MAs) that
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generate the singular terms contained in A, are proportional to
Ai(S)f.‘Ev“gﬁv,sA ,(s)f,‘f, .
If we define
by = ALYy r,4,(3)5;
Yo = Ai3y’rsA.()
Zy, = A,35%,4,5,
Zy = A4 e
(3.7) contains products of the forms

I+n,X, I+n,Y, I+n,Z, [+n,Z'

where n; = ¢;+d,y. p/m). We should also like to choose 1 so that the lagrangian

£ = ynAy
may be made hermitian. However, we find that it is not possible to eliminate the
singular terms from the wave equation and, at the same time, obtain a hermitian

lagrangian for any choice, real or complex, of the parameters n;. The singular terms
will cancel if we multiply A by the matrix

n= (1+CIMY)(I+cZX‘—pz)
m m

and put a, =a; =a, = ¢, = —1, ¢, = —=2. If A = nA, the wave equation is then

Ax = 0, that s,

{—%.p(ghg)—gig) — &y . DY .80 — 17,85 — V*7.8) + 77481 — 67" — €)Y, — P, 7o)
— 484 P, — 8V P, — 827D, + 87*D,) + (85D Vo — 8)PH Vs — 85DV, + 82PHY,)
+3m(ghg) —ghgl) —3a,m(ghg) + g4g)} ™ = 0. (3.8)

The Klein-Gordan divisor is given by d = dn~?, that is,
iy = (7. p+m)| 3(ghe, — 8h80) + 48V Y, + 807 Ve — 8V, — 857"V,
1 v H v m v v
+—6'r—n'(gpyap“+gaypp _gp))ap _ga'})pp“)
+i(uv__uv__vu +vu)+i(uv_yv)
3 8o! Po— 8oV P, — 8,V Pt 8V P,) +3 (7"~ 8 (Ps?p=Py7s)

1
- gr—nz(p“p,v”v,, + PP,V Ve — D PV 7o — P PpY'Ys)
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p? —m?

1
——\3,-(8%8; +8420) +&(ghg) — g4gy)
1

v A4 v, v 1 v v
+ oy, + 8 v — gy Vo= 8" Va) e (7" =8 WPy, —Pyva)| - (39)

From (3.9) we see that the Green function on the mass shell may be written

3
{(7. p+m);f211_(zn);r 2Z)} 2= (3.10)

G=

which is not equal to the Feynman propagator which is the expression (3.10) without
the term 2Z.

In a similar manner, we may obtain a second wave equation by exchanging A4,(3) and
A,(3)in (3.5). In this case we have

Ap) = —(v.p—m)A,3) —m(b,S+b,4,D +b34,(3) +bs4,(3).

Using the same argument as that used in the previous case, we find that we may remove
the singular terms by multiplying A by the matrix

}”=

1+d1MX)
m

1+d2?‘p2')
m

but that it is not possible to construct a hermitian lagrangian. The singular terms in
A = nA cancel if we take b, = by =b, =d, = —1, d, = —2. The wave equation
becomes Ay = 0, that is,

{3m(ghe) — ghey) —smb,(ghg) + 8422) — ('Y’ — P*V") eV, — &a,)
— gy o0" — ghy.D" + 84y, P  — 8oy PN = 0. (3.11)

The Klein—-Gordan divisor is

v 1 v, v v v 1 v v,
= (y.p+ rn)(fn;(gpvap“ —g.p T 8y,p — 87,0+ g};(p“v =DV Y¥e¥p— &ap)

1
+ W(p“pav”vp + DD Ve D PV Y P PV V)

p2 B mz 1 v v v v
- (zb—(gﬁg,, +g48,) —3(ghe, —ghgy)
1
1
+gr;(p"v“ =PV ey, — go,,)) (3.12)
and in this case the Green function on the mass shell is
3 i

3.2. Reducible case

We conclude this section by noting that we can derive a third equation in which the
wavefunction is reducible, being the direct sum of the two irreducible components.
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Putting A(3) = T2, A{(3), the kernel is

Ap) = — (7. p—mAG)—m(g;S+2,4,3)+834,(3))-
The singular terms cancel when g, = g; = —1, and the wave equation is
{=%v. p(ghe, —8h8n) — 7 - P(8Y"7,+ 85Y"Vo— 85Y"V, — 817"7)

+ gy P, — gyt + 85D, — 85v,p°

=85V Do+ 83Vl — 85V P, + 857,P")

+3mighg) — g4 8) —mg1(ghg), + 858} ™" = 0. (3.14)
If we multiply respectively by S%,y,7,, y,p, we obtain the subsidiary conditions

P = — P

VoV p®?” =0

Ps¥.9”" =0

and in this case (3.14) may be derived from a hermitian lagrangian density. The Klein—
Gordan divisor is then

d=(y.p+ m)(%(gﬁgz —ghgl) + (g, — 8 Y, — 80" Y. + 857"Y,)

1
+ 57 (807D — 8hVoP" — 8oV, + 85V ,P" — 8V Dot 857 Do T 857D, — 85Y'D))

2 2
—-m
WP

(%(gﬁg,“, —ghg) + (@MY, — 85V, — B0 Ve + 847",

1
——(ghe, +8587)|-
2g1(g g,+85¢ ))

4. Minimal electromagnetic interaction

With the minimal coupling of the spin $ field to the electromagnetic field effected by the
substitution p, —» n, = p,+eA, we must determine whether or not the wave propaga-
tion is causal. This is done by calculating the characteristic surface of the coupled wave
equation, to see if it lies inside or outside the light cone (Velo and Zwanziger 1969a).
We perform this calculation in a shock-wave formalism which was applied by one of
the authors (Madore and Tait 1973) to other interacting higher spin systems.

For a first order wave equation, the characteristic surface is one which will support
a discontinuity in the first derivative of the wavefunction. Let ¢ be a smooth hyper-
surface given in a region of space-time, where by smooth we mean differentiable of
class €",n = 3;andlet z(x*) be areal valued smooth function of x* regular in a neighbour-
hood U of ¢, and vanishing on o. The hypersurface ¢ divides U into two regions U*
and U~ corresponding to z > 0 and z < O respectively. Define £, = J,z. £, is non-
vanishing in U and normal to ¢.

Consider a wavefunction ¢(x*) defined in U and smooth in the interior of U* and
U~. We suppose that ¢ is continuous, but has a discontinuity in the first and possibly
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higher derivatives across o. Let ¢ be denoted by ¢ * in the regions U*. By extending
¢* smoothly into U¥, the discontinuity [¢] = ¢* — ¢~ may be defined as a smooth
function in U. There exist uncountably many smooth functions &, f defined in U such
that

(9] = zk+42%. (4.1)
For a function k defined in U, let E;o be its restriction to . Define k, f by
k= ielas f = ﬁo"

From (4.1) we can calculate the discontinuities across ¢ in the first and higher derivatives
of ¢ in an arbitrary direction, for example,

[0.9] = (0.[8))), = &k
[aﬂaad)] = (aﬂaa[¢])|c = éﬁfaf+é(aaﬂ)k+aﬁéak' (42)

Using (4.2) we investigate equation (3.14) for the reducible wavefunction derived
from a hermitian lagrangian density. After the antisymmetry property has been derived,
this equation reduces to

R™ = =3y . 7" =5 7. 0"y,8, = 77,809

+ 30,8, — V' T,8 — TY,8) + TY,84)97 + mpHY = 0. (4.3)
Contracting with y,7,, 7,7, we obtain the following:

d=y,¢" =0

d = mn;y " —eF T " =0
and from the expressions [R*"], [8,d), [d'], we get

— 57 kM =Ry L7, — Y 8K (8 — 1 E 8 — R 8+ E7,800kP = 0 (4.4)

YurkE =0 (4.5)

EkE = 0. (4.6)
Contracting (4.4) with y, and ¢, and using (4.5), (4.6) yields, assuming &2 # 0,

E kY =y, k" = 0. 4.7)

(4.7) in (4.4) gives immediately that k** = 0. This means that a discontinuity k** can
only exist across the light cone, that is, (4.3) has light cone characteristics so that the
maximum propagation velocity is the speed of light. This result is easily understood
when we realize that the constraint d is unaffected by the interaction, while d’ contains
no derivative terms other than the one which appears in the free field case. Since there
are no derivative terms in the interaction, it follows that the characteristic surface
remains the light cone, where the discontinuity obeys the equation

. EElyk™ = 0.
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Appendix
Using equation (2.3), the Casimir operator W is calculated to be
W2 = p*(Elghgy — 17g"g, , + 298085 — 4 88y"y, — B gy y . — 48y, — 4857"7,)

+p* (178" p,p,+ 178,,0"p" — 258,p"p, — 2584p"p, — 25840"P, — 2582P"D,))

+ P2 g P, — gy 0" + 58y P, — 8Dy,

+4ghy"p, —485v.p" +48.7"p, —48,y,0") - P

+Ap* (Y 0 Pa Y VoD Py + VY 0 Pat VYD D,)

+ 8PP PeY, PP DY — PPPaP,Y — P PP,V - P+ 16p"D°P,p,.

From equations (2.7), (2.8), (2.9), (2.1), the following projection operators have been
calculated : P(3), P(3), P(3); 4:(3), 42(3), 41(3), 42(3). We have

PRy = Hghg) +8480) — 38”8, — To(847"7, + 83" Vo + 827"V, + 857" Y0)
1 2
+ Spﬁ(g““pap,, +8,,0"P") gp(g;p“p, +g5p'p, + 850" p, +250"p,)
1 Vald v Y B,V
+1—0p—2(gpv Pe—8pY.P" + 857D,
—ghv,0" + 857" Ds —8hYoP" t 857 P, — 85, D"V - P
1
+ 1—0p—2(v”y,,p“m +7"YaD"Pp+7*V6D"Dp + 77,0"Ps)
1 oV BV Vit YTy 2 ¥
+§I7(v,,p P'Pst+7,0"P'P,— ¥ D" PP, — VP p,pp)v-p+5—p4p P'PsP,
PR3Ys, = Hgkg) — 2o84) — 588, — T5(857"7, + 8)7"70) + T5(80*Y, + 847"74)
2 2
+ W(g‘”p,pp +8,,0"p") + S—I,z(g,“,p"p, +85p'p, + 850" P, + 85P"D,)

1
+1 57 (8,7"Ps—8,7sP" +85Y'P,—857,P")Y . P

4
~ 1557 (85Y°Pa— 85VaP" + 85" P, — 82V,P*)Y - P
4 v Vv, '3 ) v v
~ 152 VP Pa TV VaP ot VYD Py + 77,0 Po)

8 16
- B—;(v,,p“p“p, +7P"P'Do = V' P Polp— VP PP,y - P~ l—s—pz(p“p‘p,p,,)
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PR, = — 4848, — 208h) + 3872, + HEEY Y, + 80" 0 — VY0 — 87°Y,)
1
- 3—p2(g‘”p,pp +8,,0"P")

1
62 (857" Po—8p7aP" + 85V'D,— 857,P" — 857" Ps+ 847D — 82V"D,

v M 1 v i v u u v ) v
+8uv,P" )y P+ W(}‘ Vol Pat ¥ Vel D, + V0P D, + V7,0 D)

1 (Y oV Vi oV 2 v
+§I-Jz(ypp P'Pet+7o0"P° Py — Y P*Palp— VP PeD,)? -P+§;zP”P Dol
A3 = et —ghg) + 580 Y, + 85 1. — 8477, — 857Y,)
1
+ z—pz(gﬁp”pa +8g.0"p, — P*P.8, — 85D"D,)
1 v, 1 ) v " v v )
+—67(v VoD Dot 776D Py =770 Ps— 7 VD" D))
+‘/.p Yy ph Vit 4 v My V My V Koy pY Vot Vay pit
W(gpl)ap ~gp)) pa+gaypp — 847 pp+gpy pa—gp/a'p +ga")) pp_ga')';)p)

1 ; v
A, = — 2—p2(gZp‘pa +g.p'p, — g P, — 840°p,)

1 .
- @(v“v[,p“pa REA N O i N A L g

—5(ghe, —8hg)) —#(8 T 85 Ve — 8hY"Y, — E0VMYo)
1

- g?(v”y,,p“p, + 76D’ P 77D Ps— 7" VaP"P,)

4,05,

v.p v v v v v v v v
———=(8yYoP" — &V'Ps +857,0" — 857D, + 827" Dy — 85VsD" + 857D, — 847 ,P")

6p

1
A3 = 6—1)2(VVY,,P"P0 + 149D P, = V7,0 Pa =V V6D D)
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